Absmcf-A novel approach to solve a stabilization problem of an active suspension system using a quarter car model is presented. We apply a combination of our results for the framework of the approximate based direct discrete-time design and the Euler based discrete-time hackstepping technique. This stabilization problem is very interesting since utilizing a simple quadratic Lyapunos function brings the sj-stem into a LaSalle type stability, which makes the design more complicated. To handle this problem, we use our result on changing supply rates lemma for LaSalle type stability condition, to construct a composite Lyapunov function that can be used for the design within our framework.
I. INTRODUCTION
Most control systems nowadays are sampled-data in nature. A controller is usually implemented digitally and it is inter-connected with a continuous-time plant via ADC and DAC. In this paper, we study the problem of stabilizing an active suspension system, which is used to enable a car to run smoothly on a rough road for comfortable driving. Presently, active suspension systems are controlled using a hydraulic controller. In view of space limitation in a vehicle, it is most appropriate to use digital device to control the active suspension system, as it requires much less space. Since the active suspension module itself is a mechanical -therefore analog -plant, designing a digid controller for this system is a sampled-data system design.
Recently, a general unified framework for controller design based on approximate discrete-time models was presented in [lo] and further generalized in [7] for the input to state stabilization problem. In particular, the results provide sufficient conditions for the continuous-time plant model, the controller and the approximate discrete-time model, to guarantee that the controller input-to-state stabilizes the exact discrete-time plant model, provided it stabilizes the approximate discretetime plant model.
We design a discrete-time controller to asymptotically stabilize the active suspension system, using the Euler based backstepping technique [9] . Backstepping is a popular technique in nonlinear control design (see [4] ). It is then shown that the Euler based discrete-time controller outperforms the emulation controller. This active suspension design problem is very interesting and motivating since the system enjoys a LaSalle type stability when using a simple quadratic Lyapunov function. In [3] , where continuous-time stabilization for the same system was considered, stability analysis was done using LaSalle's invariance principle. Unfortunately, LaSalle's invariance principle is in most cases not applicable when approximate based discrete-time design is used, since semiglobal type of stability is usually achieved. In this situation, we apply our result from [6] to construct a composite Lyapunov function that can be used to characterize stability property of the system. is decreasing to zero for each s > 0. Given two functions a(.) and y(.), we denote their composition and multiplication respectively as a o y(.) and a(.) . y(.).
We consider a parameterized family of discrete-time nonlinear systems of the following form:
where x E W", U E Rm, y E W' are respectively the state, input and output of the system. Note that the input U can be a control signal or an exogenous disturbance. It is assumed that FT is well defined for all 2, U and sufficiently small T, FT(O, 0) = 0 for all T for which FT is defined, h ( 0 ) = 0 and FT and h are continuous. T > 0 is the sampling period, which parameterizes the system and can be arbitrarily assigned. The following definitions are used to state results presented later in this section. 
A. Framework for approximate based direct discrete-time design
In this subsection we present a result from [7] on input to state stabilization via approximate discrete-time models. Consider a continuous-time nonlinear plant where 2: E Rn*, U E Wm, w E RP and y E W' are respectively the state, control input, disturbance and output.
We assume that for any given 20, U(.) and w(.) the differential equation in (8) bas a unique solution defined on its maximal interval of existence [0, t,,,-). This may be guaranteed, for instance, by requiring f in (8) to be locally Lipschitz. The control is taken to be a piecewise constant
where T > 0 is the sampling period, and we suppose that the 
Since F+ is not known in most cases (see [7] ), we use an approximate discrete-time model of the plant
to design a discrete-time controller for the original plant (8).
For instance, the Euler a p p r o h a t e model is z ( k + 1) =
We consider a family of dynamic feedback controllers
where t E R"=. Theorem 3.1: [7] Suppose that there exist a, E , (2 E IC, and U E K, and for any strictly positive real numbers We emphasize that the consistency condition in Theorem 3.1 is checkable although F$ is not known in general. Definitions and lemmas that give sufficient conditions for consistency condition are stated in [7] .
B. Euler based discrete-time backstepping design
In this subsection, a result from [9] is cited. The Euler model is used, since it preserves the strict feedback sgucture of the plant that is needed for a backstepping design and it satisfies the consistency property required by Theorem 3.1.
Consider a continuous-time plant of the strict feedback form:
The Euler approximate model of (13),(14) is: ( 2 ) )~.
C. A LaSalle cn'lerion for SP-ISS
The result from [6] on changing supply rates for SP-ISS 
SP-ISS Lyapunov function of the system (1).

Iv. CONTROL OF AN ACTIVE SUSPENSION SYSTEM
A. Car suspension syslem modeling
We use the quarter car model as the mathematical description of the suspension system, following the model used in [3] . The schematic diagram of the model is shown in Figure 1 . In this model, the suspension actuator is taken to be a force actuator acting between the car body (the sprung mass) and the axle of the car. The tire is an ideal, undamped spring between the axle and the ground. Finally, the axle and wheel assemblies are represented as a mass (the unsprung mass) connected to the ground via the tire spring. As shown in Figure 1 , the suspension force also reacts against the unsprung mass. where z1 -tire deflection (m), z2 -unsprung mass velocity (&sec), 2 3 -suspension deflection (m) and 2 4 -sprung mass velocity (&sec). The parameter w is the unsprung mass natural frequency, p is the sprung to unsprung mass ratio and assume that the travel limit of the suspension is kD. In other words, as long as the suspension deflection 2 3 satisfies -D < x3 < D, the suspension will not bottom out. The model is then rewritten in the following form
The Euler model of the system in a strict feedback form
is written as follow:
In the design, the disturbance d is taken to be zero, which is a reasonable approach since the disturbances affecting the system are nearly impulsive and thus correlate to nonzero initial conditions. Therefore, the problem is simplified to an asymptotic stabilization problem. We follow similar design steps to those done in [3] , applying the Euler based backstepping design [9] as cited in Subsection 3.2. Due to space limitation, some trivial steps are omitted.
Step 1: 
C. Comparing the Euler-based controller with the Emulation controller
We have designed a discrete-time backstepping controller (47) that SPA stabilizes the active suspension system. Now, we implement the controller (47), and observe the performance of the closed-loop sampled-data system with the designed controller, and compare it with a controller that We study the condition when there are small offsets to the initial states, in other words, when allowing nonzero initial states. We observe the responses of the system to bumps of different heights and compare the performance of each controller. The shape of the isolated bump ' is chosen to be in the form that gives rise to the following velocity input:
t < _ O 0 < t 5 0.1 t > 0.1.
(49)
We first run the Simulation Road-I (see Figure 4) 
